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METHOD OF CONSTRUCTING A SINGLE EQUATION OF STATE
SATISFYING THE REQUIREMENTS OF THE SCALING HYPOTHESIS

V. A. Rykov UDC 536.71

We present an equation of state which quantitatively and qualitatively describes
correctly the regular part of the thermodynamic surface and also the region near
the critical point.

By a single equation of state, we mean a single structural form which within some given
small error describes the experimental thermal and caloric data in the gas and liquid phases,
and also on the liquid—vapor coexistence curve for temperatures ranging from T3 up to T, and
which describes correctly all of the features of the behavior of the material over this tem-

perature range [1].
Among the important features are the following [2]:

1) The limit ¢ - 0 and p » 0 (the equation of state of an ideal gas)

pp—0, T)= RoT, (1)

2) the equality of the chemical potentials on both branches of the liquid—vapor coexist-
ence curve .

p—un =0, (2)
3) the Planck—Gibbs rule
(ip_-n. _ (9P (3)
dT ) r=1, (ar )vzac.rzrc’
4) the critical condition
(-22) —( 75 ) —o. )
\ 00 Jo=uy.T=T, dv? o=y, T=T,

In addition to these characteristics it is important to note the singularities of the
thermodynamic surface near the critical point. The modern view, based on accurate experi-
mental research and the scaling theory of critical phenomena, holds that the behavior of the

Leningrad Technical Institute of the Refrigeration Industry. Translated from Inzhernerno-
Fizicheskii Zhurnal, Vol. 48, No. 4, pp. 642-648, April, 1985. Original article submitted

November 9, 1983,

476 0022-0841/85/4804-0476509. 50 © 1985 Plenum Publishing Corporation



thermodynamic functions near the critical point (for pure materials) is singular in nature
and can be described by power laws [3]:

on the critical isotherm

Ap =D (8p) 1A0I", (5)
on the coexistence curve

Ap = =4 B, (6)
Cp = Av [ApI™'%, Cp ~ Ky = Ig|Ag] VP, (7

on the critical isochore and elasticity line

a*p...

Cl, It _ p- — 8
— P+ q7%, (8)
Co=A1™, Cp~Kr=TIF ™. (9

In the above relations a, B, 8, and y are the critical exponents which satisfy the Grif~
fiths equalities [3]: a + 28 4+ v =2, o +B8(8 +1) = 2,

It is well known that of the above relations (1)-(9), the analytic single equations of
state that are normally used give a correct qualitative description only of (1)-(4) [4]. 1In
principle, relations (5)-(9) cannot be satisfied with an analytic description of the thermo-
dynamic surface [5].

In [6~12] the problem of working out a single equation of state free from the insuffi-
clencies present in the analytic equations was considered. The basic approach of [6, 7] is
the use of relations coupling the internal energy of the material u(p, T) and the thermal
parameters:

( ou
ov

This will guarantee that the equation of state [7] gives the ideal gas limit (1), but it does
not correctly reproduce the temperature dependence of the second virial coefficient.

=T (_6p_> —p. (10)
T aT o

An attempt to obtain a single equation of state using the coordinates p, T and satisfy-
ing (5)-(19) was made in [8, 9]. But it is then necessary to "match" the derivatives of the
enthalpy i(p, T) on the critical isochore [9], and this is a complicated mathematical prob-
lem in the ccordinates p, T.

In [10-12] the derivatives (3p/dv)T and d®p/dT? are analytic functions on the critical
isochore and this does not satisfy (9) for Kt and C,; furthermore, it contradicts the scaling
theory which predicts that d*p/dT? is nonanalytic on the critical isochore (8).

Thus, the problem of constructing a single nonanalytic equation of state satisfying the
requirements (5)~(9) of the scaling theory is still of current interest. In the present
paper, we solve the problem using a single structural form of the free energy for the liquid
and gas phasesg:

oFp. T ((0F(p, T T
o= ()2 Fi - | (PR g [ (PR T g an

(%4

F(

where p,(Tg) and Tg(p) are the equations of the elasticity line and coexistence curve, re-
spectively; ¥Fp(p, T) and Fy(p, T) are the nonaralytic and analytic parts of the function
FO(.CQ T) = Fn(o, T) + Fr(og T)-

We first study how the requirement that the chemical potentials be equal on the coexist-
ence curves Tg(o) [relation (2)] can be satisfied in our approach.

We substitute (11) into the thermodynamic relation u(p, T) = Flo, T) + p(3F{p, T)/3p)7T,
and then equate the resulting values of u(p, T) on the right and left branches of the coexist-
ence curve, We then obtain
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Flo', T)—Flo', T.) - p (T — ). (12)
But (12) is identical to (2) {[1}].

Therefore, the form of the free energy (11) guarantees in principle the equality of the
chemical potentials (2) on the elasticity line py(Tg) and also the internal consistency of
v', v", and pp(Tg) at each point on the coexistence curve,

The functions pp(Tg) and Tg(p) are given in the form of [7, 13]:

In g (Ts) = P_y/Ty+ P+ PiTs 4 Po(Tg — Te) ™+ PyTY, (13)

‘J_
i

 To(9) = Te{1 — Dy |Apf' P D¥Ap "' -+ D¥Ap 4 D5 Ap

5
) (14)
zT E

A T
where 1—Dy--(—1) 'D7+(—1) *DF+ (—1) *DF = 0.

The above forms for p,(Tg) and Tg(p) describe the liquid—vapor phase equilibrium line
in correspondence with the requirements of the scaling theory (6), (8), and also have the
following physically reasonable forms in the limit of small densities and pressures [7]:
In pp(Tg) = Po;/Tg, Tglp = 0) ~ p.

Using now the method of looking for the singular terms in the thermodynamic functions
described above, we find a structural form of the function Fe(p, T) entering (11), which
guarantees that the scaling relations (5)-(9) and alsc (3) and {(4) will be satisfied, and
also qualitatively reproduces the correct behavior at small densities and pressures.

Since close to the critical point the scaling singularities in the function F{p, T)
are given [according to (5)-(9)] by power laws with nonintegral exponents, we take as a
starting point the following functional for the nonregular part of Folp, T):

e T) o |A( N AxAe" )+ BN Batiae® |, (15)
RT ) i=0 =0 :
where R is the universal gas constant, © =0/p,; ©<< @ << .. . $o<<P<T ... ; N;= (14 8/E —

@/B; & = (1 + 8)/& —bi/B.
On the other hand, in the region of small densities and pressures, a physically correct
expression for the free energy has the form

. 1 n,(t) - i .
@D jnp Z ( 2 Ci; (~—’C 1 )’ >Ap’, (16)
RT T

=0

*
where Pi’ Di s A Bj, and Cij are constants.

i’

We find relations between.the exponents @y ¢y, ---, Yo Py, -, & and £, and the critical
exponents &, B, §, and v and also conditions relating the coefficients of the expressions
(15) and (16) such that the equation of state will satisfy relations (5)-(9).

We substitute (15) and (16) into (11) and express the thermodynamic functions Kple, T},
Cy(p, T), and plp, T) in terms of derivatives of the free energy F(p, T) [2]. Then asymp-
totically close to the critical point (4p » 0, T » 0) we represent C,, Ky, and p on the
critical isotherm (t = 0), the coexistence curve [T = Tg(p)], and on the critical isochore
(bp = 0) as power series in Ap and T, Substituting these series into the corresponding scal-
ing relations (5)-(9) and using the Griffiths relations, we equate the exponents of the lead-
ing terms on the right and left sides of the resulting relations. We then find the required
relations for o, o, Y1, @1, €0, €, Mo, £1. & and a, B and also for the coefficients Cjj of (16):

P = ‘lso =0, & =148, ¢ =2—0, py=1 or2, (17
ela=1-18, =2 ¢;L=7 p=1012,

21+ 2o+ 1 =0, Cpo+ 14 Zef = 0, (18)
where Zc is the critical compressibility and £ = P_,/TC - PyT, — 3P3T3C.
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It follows from (15)~(18) that the required expression for the function ¥(p, T) has the
form

Fyp, T - . N N Lo i
—"(I%T—):m A0 LA (A" A+ BB BY] - Inp + V ( N C 7\" 1 j’)Ap’, (19)

i O ];—-0 /

where the coefficient C j and the exponents Y., £, £» satisfy the relations (17) and (18)
and where x = T/}Apll 1s the scaling variable and Aqs, Ay, Bo, By > O.

We discuss the analysis of (19) in more detail. If we put $¥1=¢:=1 in (19) then [12,
14] the equation A,x + Ae = 0 is the equation of a pseudespinodal curve which is a set of
singular points of C; on the thermodynamic surface, and the isotherms are discontinuous in
the two-phase region on this curve.

It follows from (19) that in the case Y1=¢;=2 there is only one singular point on the
thermodynamic surface, the critical point, and the isotherms in the two-phase region have the
van der Waals form,

We substitute (19} into (11) and using ﬁhe thermodynamic relation p = oz(BF/Bp)T obtain
a single equation of state for the gas and liquid phases, which satisfies all of the require-
ments (1)-(9):

n n,(z)

po, T) = p (T + RT6 Aol IFy o, T)— Fyp, ‘S)1+RT9(1~ SIEE

Y

C.stl )—A = };(zm

f=0

here

Fi(p, T)=Fy(p, T)+ Fy(p, T);
Fy(p, T)=n(2p)o[AL («"+ B ¥+ AF ™+ B} ),

Fylp, T) = posign(Ap)[AF (t%Ap*~" e, - Ble,) & (x"'+ BY o AFBENE (- BE YT,
¥ = AAY, BY = A,JA,, AY = BBy, Bf—B,/B,.

We discuss how completely the equation of state (20) reproduces the regular part of the
thermodynamic surface for small densities. Since pn(Ts)Jp*° - exp (P*.,/p), where P*_, < 0,
we obtain from (20) in the limit p - O

n—1 .
Z=1+ ¥ HY(Ty o' +0 ("), (21)

i=1
where

o (i) \
HY(T) = — RTC \1 ( \1 C, vl )i;

T

H(T) = SQT — m‘k‘;‘ 7} )‘\1-1"-.{-—’3‘—);

Ry, - Dyoe b i Di + id D - D5 1) = L&
5] Y

e é—(‘é_ 1) Dy i DE i D R DB
3 ok

It follows from (21) that if n > 3, our apprcach not only gives the correct limit to the
equation of state of an ideal gas, but also gives the qualitatively correct temperature de—
pendence of the second and third virial coefficients.

479



Quantitative analysis was carried out on the equation of state (20) using the most re-
liable p—vT and Cy data on Ar [15-17]. Experimental data on C, were included together with
the thermal data because the specific heat at constant volume is the most sensitive test of
the accuracy of a thermal equation of state [18].

We used the following values of the parameters in the equation of state (20): ¢. =1,
Yy =1, & =2=—q, no=1/B, E2 =y, €1 = 2/y, €0 = 1/B, @ = 0,116, 8 = 0.34, The functions
Tg(p) and pp(Tg) were chosen in correspondence with [7].

Because T + B¥*, ]Apil/s =0 and t + B*;{Ap{1/3 = 0 are the equations of pseudospinodal
curvgs, the nonllnegr parameters B¥%, and B*, were determined from the relations B*, =
v1 '/ "De, B¥*, = Do, where Do = —0.6349, v, = 1.41, y» = 1,07 [11].

The mean-square deviations between the calculations using the equation of state (20) and
the experimental data of [15-17] in the region 0.78 < T/T; < 2.7, 0.2 < w < 2.1 were as fol-
lows: the density in the single-phase region Spgp = 0.217%, the specific heat at constant vol-
ume §Cy = 3.7%Z, the density on the coexistence curve 8¢ = 0.34%, and the pressure on the

elasticity llne épp = 0.12%,

Therefore, our equation of state (20) satisfies all of the requirements (1)-(9) and
gives the correct temperature dependence of the leading virial coefficients; in this respect,
it compares favorably to the equations of state in [6, 7]. Also, the presence of the deriva-
tive Tn'(p) in the equation of state of [6, 7] makes it difficult to control the growth of
errors in the region of small densities. Equation (20) is free from this problem. To a large
extent, this explains its better accuracy in the single~phase region of the thermodynamic sur-
face in comparison with [6, 7].

NOTATION

v, chemical potential; p, density; p, pressure; T, absolute temperature; R, universal
gas constant; Ts, triple point; v, Pey Teos Do, critical parameters; v, specific volume;
Pn(Tg), elasticity line; Tg, coexistence curve; Ap = (p — po)/pgy A0 = (o —0.) /ooy T =
(T = To)/Te; u' and p", chemical potentials on the coexistence curve; Cy, heat capacity at
constant volume; Cps heat capacity at constant pressure; Ky, isothermal compressibility;
Pci(T), critical isochore; ¥, free energy; o, 8, 8, v, critical exponents; Z,, critical com-
pressibility; Z, compressibilitv; p' and p", values of the density on the vapor and liquid
branches of the coexistence curve.
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DENSITY OF ADSORBED WATER IN POWDER SYSTEMS. 3. +v-Al,0s

P, P. Olodovskii UDC 541.182:550.461

The choice of dispersion medium is considered. Estimates are made of the den-
sity of water adsorbed on v-Al,0s.

The measurement methods and techniques have been given in [1, 2]. The dispersion media
were nitrobenzene and toluene. Figure 1 shows the results on the density of y-Al.0s as a
function of water content.

There is a clear—cut effect on the density from the adsorbed water concentration in the
dependence of the adsorbent mass or m/V relation (m is the mass of dehydrated adsorbent and V
is the volume of the dispersed system).

The experiments showed that nitrobenzene is a liquid of zero effect in relation to y-
Al,0;, since the density of the dehydrated solid phase measured with this medium is indepen-
dent of m/V. However, Fig. 1b shows that the density of the adsorbent in the same state as
measured in toluene decreases as m/V increases, which indicates that the concentration of the
liquid molecules in the surface lavers of the dehydrated solid phase is less than in the bulk.

We now examine the changes in the relative densities of the dispersion media as affected
by the water contents. The quantities are calculated from
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